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Abstract: The application of linear canonical transform in quantum mechanics has focused attention on its complex
extension. Fractional Gabor transform is special case of complex linear canonical transform. The present paper
investigates the generalized Poisson summation formula for the fractional Gabor transform of the periodic functions
of compact support. Then some results associated with this novel formula have been presented.
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I. INTRODUCTION

Linear canonical transform is prominently used in optics [7], radar system analysis [8], signal processing [4] etc. In Fourier
analysis Poisson summation formula is the relation that defines the periodic summation of a function in terms of a Fourier
transform of discrete samples of the original function. The Poisson summation formula associated with the fractional Fourier
transform was studied in [2].

Many transforms such as Fourier transform, fractional Fourier transform, Fresnel transform, Chirp transform are all special
cases of linear canonical transform. Many of its properties are found in the literature. The properties and application of the
sampling formulae in the traditional Fourier domain have been studied and sampling signal analysis have been extended for
band limited signals in fractional Fourier domain in the literature. The simple form of fractional Gabor transform of signal

f(X) with rotation ¢ is defined as in [5]. A generalized Poisson summation formula and its application to fast linear

convolution have been studied in [3]. The Poisson summation formula associated with fractional Laplce transform derived
in [1]. The Poisson summation formula associated with the generalized fractional Hilbert transform had been studied in [6]
and generalization of the Poisson summation formula associated with the linear canonical transform was studied in [9]. The
objective of this paper is to study the Poisson summation formula in fractional Gabor transform domain.

This paper is organized as follows. Preliminaries are presented in section 2. The Poisson summation formula for generalized
fractional Gabor transform is obtained in fractional domain in section 3. Some important properties of Poisson summation
formula are given in section 4. Section 5 concludes the paper.

I1. PRELIMINARIES
2.1 GENERALIZED FRACTIONAL GABOR TRANSFORM:

The generalized fractional Gabor transform of f (X) € E'(R” ) where E'(R”) is dual of the testing function space E(R”)
, can be defined as

[G,, f(x))u)=(f(x),K,(x,u,t)) Foreach ueR (1)
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l-icota i(x +u )COIO‘ ~(x-t) cscar §
Where, Ka(X,U,t): Z—e N
/A

The right hand side of equation (1) has meaning as the application of (x)e E'toK_(x,u,t)eE.[G, f(x)(u)is a"

order generalized fractional Gabor transform of the function f (X) .
2.2 POISSON SUMMATION FORMULA IN THE FOURIER DOMAIN:

The Poisson summation formula demonstrates that the sum of infinite samples in time domain of a function f(X) is

equivalent to sum of infinite samples of F(a)) in Fourier domain. This can be represented as follows,

Zf (x+kz)= ZF( j B

e fo- @)
3 flr)- ZF( j
T =

Where F(a)) is the Fourier transform of the function f (X)

2.3 FUNCTION WITH COMPACT SUPPORT IN THE FOURIER DOMAIN:

Let F(a)) be the Fourier transform of the function f(X). Then f(X) is said to have compact support in the Fourier
domain if F(@)=0 for|w| > Q. Where Q is real number.

2.4 GAUSSION PERIODICFUNCTION:

The function f (X) is said to be Gaussian Periodic with period 7 and order ¢ if

X—zcota (X+T)2 cota
ez f(x)=e 2 f(x+1)
I11. GENERALIZED POISSON SUMMATION FORMULA

3.1 FUNCTIONS WITH COMPACT SUPPORT IN GENERALIZED FRACTIONAL GABOR TRANSFORM
DOMAIN:

®)

Let G, (a)) be the fractional Gabor transform of the function f(X). Then f(X) is said to have compact support in the

Fractional Gabor domain if G, (a)): 0 for |a)| > Q) .where Q_ is some real number.

3.2 POISSON SUMMATION FORMULA FOR GENERALIZED FRACTIONAL GABOR TRANSFORM:

If f(X) is the function such that its Gabor transform has compact support say €2, in generalized fractional Gabor

transform domain for |u| > Q) then

x+kr (x+kr—t)2

»  -—in’sin2a . inx
Z f X+k‘l')€ 2 csca :Eze 472 [Gaf(x)(nsmaje .
= T |
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Proof: By definition of fractional Gabor transform

® x +u? cota —(x-tcsca
/ —|COtO{ J'f e 2 e—iuxcscadx

il 2 2
—iu“cota 0 .X“cota —(x-t) csca
or Wl proote Lt Pose

2 Ga(u):j f(xe 2 e 2 siluosea)x gy

=G{g(x)}ucsca)=G(v)
(4)
X cota —(x-t)cscar
Where g(X) = f (x)e
And vV =UcsCa
©)

Using the Poisson summation formula for a function g(x) in the Fourier domain
inx
Z gix+ kr ZG
T
Using equation (4) in above equation, we get

-3 6l

(g — (6)

n
Where V=—
T

Using equation (4) in equation (6)

0 —iu®cota i
kr) / 2 G, f(
k:z:—oo quer T rn_w |cotoce )]( )e

vsma ’ cotar inx

== Ze 2 G, f(x)|vsina)e ©

T N=—00

Using equation (4)

27

Where C = ,[———
l-icotax

—ivZsin? a-cotar

_Cs e 2 [G,f(x )](vsma)e

w —in’sin2a inx
5% G, f(x ):( sin aJef
T
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Using equation (5)

x+k Foa (x+kr—t) —in sm2a : inx
Stk © e CFe ()(“S'”“)er

Fns Y]
3.3 POISSON SUMMATION FORMULAS FOR FRACTIONAL GABOR TRANSFORM WHEN x =0:
Put X =0 in equation (7), we get
® i(kr)? coter —(kr zcsca —in S|n2a .
nsin ¢
S f(kee 2 e O (o)( j
k=—0 Th=—w T (8)

Equation (7) and (8) can be seen as Poisson summation formula associated with fractional Gabor transform of order ¢ . It
is clear from the above equations that the infinite sum of the periodic replica of function f (X) is equal to infinite sum of
its fractional Gabor transform.

Next we prove four corollaries which give reduce form of Poisson summation formula for special cases of the variable in
the fractional Gabor transform.

3.4 COROLLARY:

If f(X) is the function such that its Gabor transform has compact support say €2 in generalized fractional Gabor

. Sina
transform domain and > Q) then

X+kr (X+k17’[)2

Zf (x+krle 2

csca C
=-G,(0)
T
Proof: If f (X) is the function such that its Gabor transform has compact support say €2, in generalized fractional Gabor

nsin o
T

. SIn
transform domain and

a
>, then Ga(
T

j:O when n 0.

From equation (7)

x+kr co (X+kr t) ~in?sin 2a . inx
Zf (x+krle 2 2 =—Ze oG, f(x )(nsmajer

k=—o0 T h=—oo T
nNa
Given >Q,
T
nsin o
. >|nQa| > Q) forall nfrom —oo to o except N=0.
T

- Right hand side exists only for N =0 and hence,

. 2 2
i(x+kz) coter —(x+kz-t) esca

S f(xikele 2 e 2 zgea(o)
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3.5 COROLLARY:

If f(X) is the function such that its Gabor transform has compact support say €2 in generalized fractional Gabor

a

transform domain and as £, < sina < Q) then the Poisson summation formula reduces to,
T
|X+k‘r coter —(x+kr—t)2C . —~isin2a . ix i —ix
z fxrkole 2 e 2 :E{[Ga F(J0)+e {[Gaf(x)(sm “)er +[Gaf(x)( sin “je , }
T T T
Sin < Qa
T
_|sina| | o And |sina|<Q
TR
Only for n =0,1and—1, we get nsina <Q,
T
Otherwise for all other values of n, nsin a‘ >Q

T
.. Right hand side summation will contain only three nonzero terms for N =0,land —1.

From equation (7)

_c {[Ga f(x)[0)+[G, f (x)(Sin (x} efiii:zﬂ ei7x +[G, (x)(— sin ajeizi:zzaerix}

] g{[Ga . e_izi:22a {[Ga f (X)(sn;ajei +[G, f(x )(—Sirn a)e_jx}}
3.6 COROLLARY: .

If f(X) is the function such that its Gabor transform has compact support say €2 in generalized fractional Gabor

_ Q, sina
transform domain and as — <
n T n-1
© i(x+kz ) coter —(x+kz—t)? esca
> f(x+kele 2 e
k=—c0

=406, f(x)]0)+ Zn: e_ik:iiznz“ {[Ga f (x):( k sin ajeikf L[t (X)(Mje_ika}

k=1 T T
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_ Q, sina : .
Proof: It is clear when —= < (2n + 1) (that is from —nto n terms will have

n T n-1
nonzero values, and all other terms will vanish, thus we get

i f(x+kre 2

=< [eaf(x)]<o)+ieikj‘?m{[G“f(x)(ksm}ik’x +[G“f(x)(mjeﬂ

k=1 T T

x+kr (x+kr—t)2

cota CsCa

3.7 COROLLARY:

If f(X) is the function such that its Gabor transform has compact support say €2, in generalized fractional Gabor

transform domain then

w i(xtke ) coter —(x+kz—t) csca
D f(x+krle 2 e 2
k=—o0
E [Ga f ](0)’ e Qa
T T
n —isin2a - . .
= E{[Gaf](0)+2e « {[Gaf(s'”“j+[eaf(_5'”“ﬂ},ﬁ< N2 cq,
T P} T T 2 r
—ik?sin2a - . R
g ze o {G f(k5|naj+[6af(—5|naﬂ ’&<sma< Q,
T T T n T n-1

Proof: This result can be obtained easily by letting t = Oin result 3.4, 3.5 and 3.6.
IV. PROPERTY

In order to device some properties of infinite sum of fractional Gabor transform which can be obtained from the function

2
o) coter (x+kr—t) escar

X+
f X +kz 2 , We treat this as a special function of X say,
p Yy

x+kr (x+kr—t ?

Zf (x+kr)e 2 2

CsCa

()
Then y(x) is Gaussian periodic function with period 7 .

Proof: Consider,

i(x+r+kz )P coter —(x+r+kr-t)

y(x+7) fo+r+kr)e 2 e 2 =y(x).

Hence y(x) is Gaussian periodic.
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V. CONCLUSION

In this paper, generalized Poisson summation formula has been proposed for fractional Gabor transform in fractional Gabor
transform domain. Some novel results associated with Poisson summation formula have been derived in the form of

corollaries. y(x) is Gaussian periodic function is obtained in terms of property.

[1]

[2]

[3]

[4]
[5]

[6]

[7]
[8]
[9]

REFERENCES

Deshmukh P R, Gudadhe A S., “Poisson Summation formula associated with the fractional Laplace transform”,
Journals of Science and Arts. 2(23), 151-158, 2013.

Li BZ, Tao R, Xu TZ, Wang Y. ,“The Poisson sum formulae associated with the fractional Fourier transform”, Signal
processing.,89(5),851-856, 2009.

Martinez J.,Heusdens R., Hendriks R., “A Generalized Poisson summation formula and its application to linear
convolution”, IEEE Signal Processing, 18(9),2011.

Pei S.C.,Ding J.J., “Eigen functions of linear canonical transform”, IEEE Tran. On signal processing, 50(1), 2002.

Sawarkar S.R., Mahalle V.N. ,“A Convolution and Product Theorem for the Fractional Gabor Transform, International
Journal of Advance and Innovative Research, vol. 11, pp. 507-511, 2024.

Sheikh A, Gudadhe A.S., “Poisson Summation formula associated with the generalized fractional Hilbert transform”,
Asian journal of mathematics and computer research,12(2) ,87-94,2016.

Stern, A., JOSA A., 25(3), 647, 2008.
Torre, A. J., Computational and App. Math., 153, 477, 2003.

Zhang J., Hou S.,“The generalization of the Poisson sum formula associated with the linear canonical transform”
Journal of Applied Mathematics, 1-9, 2012.

Page | 7
Novelty Journals



https://www.noveltyjournals.com/
https://www.noveltyjournals.com/
https://www.noveltyjournals.com/

